We examine the effects of final state interactions (FSI) in kaon decays in a new scheme, in which FSI is described in terms of on-shell quantities instead of the Omnés function, and we show that while it is not possible to explain the ∆I = 1/2 rule in terms of FSI alone, the ratio / ∼ 16 × 10 −4 is obtained through FSI, if the calculation is restricted to the CP-violating parts. The ππ contribution to the m L − m S mass difference is shown to be about 14%, if the sizes of the CP conserving amplitudes |A 0 | and |A 2 | are correctly given. §1. Introduction
§1. Introduction
It seems that we have not yet succeeded in simultaneously explaining the ∆I = 1/2 rule and the large / ratio in kaon decays. 1)-3) In order to take a step toward solving the problem much efforts have been made to evaluate the hadronic matrix elements of quark operators. 4)-6) And it has been asserted that final state interactions (FSI) generate the strong enhancement or suppression of a decay amplitude in addition to the creation of FSI phase. 7)-10) The FSI effect in the K S → ππ decay is described in terms of the Omnés function, 11) as seen in Refs. 7)-9), 12). The FSI effect written in terms of the Omnés function, however, involves some ambiguities coming from the dependence on subtraction and cutoff methods and an arbitrary multiplicative polynomial function. 2), 13), 14) In this note, therefore, we propose a new scheme, in which FSI is described in terms of on-shell quantities with a two-meson loop integral instead of dispersion relations.
Let us consider a production amplitude of a two-pion state with a mass √ s. The amplitude is composed of the Born term and the FSI term; the former represents a direct production term given by tree diagrams, denoted as B, and the latter represents the indirect production term through s-channel loop diagrams. In the indirect production process the produced pions propagate with an internal momentum and interact with each other to finally produce a scattering amplitude that satisfies unitarity. We can write the production amplitude, F , in the form of the Bethe-Salpeter equation as
where the total momentum is denoted by P , the final pion momenta by P/2 ± k, and the intermediate pion momenta by P/2 ± q, and s = P 2 . The function G(P, q) is the two-pion propagator, and T (P ; q, k) is the scattering amplitude. It is easy to extend the above equation to the multichannel formalism. The discontinuity of F along the physical cut (s > 4m 2 π ) comes from the discontinuities of both G and T . After the renormalization of possible divergences and the projection onto the S-wave, this amplitude can be rewritten in terms of on-shell quantities, if B and T are polynomial functions of external momenta. 15) This scheme has been used successfully in study of S-wave two-pion productions from photon-photon collisions, radiative decays of vector mesons and other processes. 16)- 22) We examine whether the scheme described above is valid for the K S → ππ decay. As the Born term with isospin I, B I , we take the CP-conserving real amplitude for K 0 → (ππ) I given by 23), 24)
with
where m s (m) is the strange (nonstrange) quark mass, and we use the empirical values for the meson masses and the decay constants. 
We have then B 0 = (9.33, 9.61, 10.33
where the three values given for B 0 correspond to the values m s +m = 175 MeV, 150 MeV and 120 MeV, respectively. The amplitudes of O(G F p 4 ) include one-loop contributions, and the s-channel pion loop term is given as 9), 26)
denotes the O(p 2 ) amplitude for S-wave ππ scattering with isospin I, and the pion loop integral J(s) is given by 27)
where σ(s) = 1 − 4m 2 π /s and ν is the renormalization scale parameter. This structure is the same as T 
This has just the on-shell form of the production amplitude of Eq. (1) projected onto the S-wave state after the renormalization of possible divergences of the loop integrals. 15) There are contributions from the t-and u-channel loop diagrams or tadpole terms, which could be added to B I , but we discard such contributions from the left-hand cuts, here. This means that higher order corrections in this scheme are taken into account through the s-channel contributions alone, and as a result the amplitudes satisfy exact unitarity on the (elastic) physical cut. It is noted, however, that the left-hand cut contributions turn out to be small in the low mass region. 14) This is also seen in the calculations of scattering amplitudes by the BSA and IAM. 28)-31) We note that an infinite sum of s channel terms is also required in order to construct the Omnés function. Because F I satisfies the final state interaction theorem,
the decay amplitude F I has the same phase as that of T I and is rewritten in the usual notation as
The factor R I (s) represents the entire FSI effect, and we have for the values of T I (m 2 K ) calculated using the approximate IAM with ν = 1 GeV. The magnitudes of the enhancement by FSI are very similar to those obtained in Ref. 9) , where the once-subtracted Omnés function is used with the parameter set, the subtraction point s 0 = 0 and the cutoff energy squaredz = (1.6 GeV) 2 of the dispersion integral. The dispersion integrals seem to be sensitive to the values of these parameters, however.
Next, we consider the FSI effect on the ratio / . The ratio / is written 3)
where
Here A I denotes the full amplitude including the CP-violating imaginary part. Usually, the CP conserving amplitudes, ReA 2 and ReA 0 , their ratio ω, and | | are set to their experimental values, and the theoretical calculation focuses on the evaluation of the CP-violating amplitudes, ImA I . The ratio is estimated through the following formula 33) given by Ω IB |R 2 | = 0.21, because the term with Ω IB is proportional to ImA 2 . 8) With these values, the value of the quantity in the square brackets in Eq. (19) is 0.96, which is larger by a factor of 2.7 than the value at the large N c limit. Thus, we have
This enhanced ratio is almost equal to the values obtained in Refs. 7)-10), 35). If higher order corrections, excluding that from the s-channel loops, are included in the calculation of B 6 and B 8 , we would obtain a larger value of / . If we do not distinguish the physics underlying the CP-violating part from that of the CP-conserving part, FSI cannot change the ratio ImA I /ReA I in the square brackets of Eq. (18), because the same |R I | is multiplied both to ImA I and ReA I . The parameter is independent of FSI, but ω is rather suppressed. In this case, therefore, it is also impossible to understand the large size of the direct CP violation in terms of the FSI effects.
Finally we consider the ππ contributions to the
It is said that the short distance component dominates the mass difference through the effective ∆S = 2 Hamiltonian; typically 70% of ∆m can be attributed to the short distance contribution, and the remaining of ∼ 30% is attributed to the long distance component. 25), 36) Our interest is in estimating the ππ contribution to the mass difference. Pennington calculated this contribution by using the oncesubtracted dispersion relation with the experimental ππ S-wave phase shift, and obtained ∆m/Γ S = 0.22 ± 0.03, 37) where Γ S is the total K S decay width, whose experimental value is 7.36 × 10 −15 GeV.
In order to apply our scheme to the self-energy with ∆S = 2, we consider the following analytic function, except for the physical cut:
This gives
and ImΣ(m where A I denotes the CP-conserving amplitude defined in Eq. (10) . We see in Fig. 2 It should be noted that the enhancement by R 0 near the kaon mass is due to the whole ππ scattering dynamics, which does not necessarily require a pre-existing σ meson, because the experimental ππ scattering behavior can be described well as the rescattering effects under chiral symmetry and unitarity. 30), 31), 38) The effects we expect of the contributions from the σ pole in the linear σ model 39) or the nonlinear σ model 24) can be replaced by the FSI effects. This replacement resolves a problem involving the final state phase exp[iδ 0 ] and the width ignored in the σ propagator. 39) It also solves the problem that the σ pole dominance may give a too large contribution to the K L − K S mass difference. 40) The scheme to describe the FSI effects explained in this note is useful in the sense that it is less affected by the ambiguities concerning the dispersion integrals. We have shown in this note that FSI alone cannot reproduce the expected size of A 0 , but it naturally gives a large / ratio, if the calculation is restricted to the CP-violating part. It turns out that the two-pion contribution to the m L − m S mass difference is approximately 14 % under the condition that A 0 is correctly given. Thus, the crucial point for the study of the K S → ππ decay is to search for the mechanism how to enlarge B 0 almost twice.
